The rapid developments in orbital-angular-momentum-carrying Laguerre-Gaussian (LG 0 l ) modes in recent years have facilitated progresses in optical communication, micromanipulation and quantum information. However, it is still challenging to efficiently generate bright, pure and selectable LG 0 l laser modes in compact devices. Here, we demonstrate a low-threshold solid-state laser that can directly output selected high-purity LG 0 l modes with high efficiency and controllability. Spinorbital angular momentum conversion of light is used to reversibly convert the transverse modes inside cavity and determine the output mode index. The generated LG 0 1 and LG 0 2 laser modes have purities of ~97% and ~93% and slope efficiencies of ~11% and ~5.1%, respectively. Moreover, our cavity design can be easily extended to produce higher-order Laguerre-Gaussian modes and cylindrical vector beams. Such compact laser configuration features flexible control, low threshold, and robustness, making it a practical tool for applications in super-resolution imaging, highprecision interferometer and quantum correlations.
mode has a more uniform donut-intensity distribution along the propagation direction, which can increase the depth resolution in super-resolution imaging 16 . In the field of precision measurement, it has been shown that higher-order LG p l modes could reduce thermal noise in the LIGO system for gravitational-wave detection because of their more homogeneous power distributions 17, 18 . The high-precision optical interferometry in the LIGO system requires a high-purity LG p l mode. In quantum information science, high-purity LG p l modes could increase hybrid azimuthal-radial quantum correlations [19] [20] [21] . However, it is still a challenge to efficiently generate high-purity LG Gaussian mode using a fork-grating, a q-plate, a spiral phase plate, and so on 22 . However, directly adding a spiral phase to the Gaussian mode will generate a hypergeometric-Gaussian (HyGG) mode, which has a definite l index but an expansion of the p index 23, 24 , which decreases the mode purity and conversion efficiency of the desired LG Researchers have turned to intracavity modulation for generating high-purity LG laser modes with high mode purities, low lasing thresholds and controllable mode indices, the laser cavity needs to be carefully designed with proper control and selection of intracavity components.
In our experiment, we put a vortex half-wave plate (VWP, Thorlabs, Inc.), a Faraday rotator (FR) and a quarter-wave plate (QWP) inside a Nd: YVO4 laser cavity, which can achieve cavity mode reversibility through intracavity spin-orbital angular momentum conversion. The process is self-producing after each round trip. The QWP generates a circularly-polarized state carrying a spin angular momentum (SAM) of ±ћ per photon depending on its handedness 35 . The interaction between a photon and an optically anisotropic medium will change the value of the photon's SAM and induce a geometric phase shift 36 . The VWP, featuring the artificial helical anisotropic parameter space, can add a spiral geometric phase to an incident mode by flipping the handedness of its circular polarization, i.e., spin-orbital angular momentum conversion. Therefore, the VWP couples the SAM or polarization of the intracavity field into the OAM, and flexibly controls the TC
37
. The modulus and sign of the TC can be changed by using different VWPs and rotating the QWP, respectively. By adding a pinhole to suppress the undesired radial modes, the laser outputs a selected high-purity LG 2 ) mode with a mode purity of ~97% (~93%), at the wavelength of 1064 nm in our experiment. The specially-designed compact cavity requires only a few intracavity components, which benefits the system stability, loss control and practical operation.
The lasing thresholds for lower order LG 
Materials and Methods
Principle of intracavity spin-orbital angular momentum conversion.
In a stable laser cavity, a light beam should reproduce itself after each round trip when the cavity resonates. Since each point on the VWP is a half-wave retarder, a linearly-polarized light beam, propagating forward and then reflecting backward through the same VWP, is equivalent to experience a full-wave plate, in which the initial polarization and wavefront are recovered (Fig. 1a) .
To couple the spin and orbital angular momenta, a QWP is needed to turn the linearly-polarized state to the circularly-polarized state (see Supplementary Note 1 for the working principle of the VWP). The combination of the FR and QWP makes the light beam reversible when its initial polarization direction is parallel to the optical axis of the QWP (Fig. 1b) . Therefore, combining the FR, QWP and VWP, we achieve a complete reversible cycle inside a laser cavity for the output of a selected OAM-carrying mode (Fig. 1c) . Here, the FR enables mode reversible propagation. The system is greatly simplified in comparison to the previous intracavity geometric-phase-control configuration 34 . Figure 1d shows a one-round-trip mode transformation for laser output of a 
We choose to work under the condition of LA < f and LB < f. Considering the refractive indices of the gain medium, FR and QWP in the first part of the cavity, the actual LA can be a bit larger than f without breaking the cavity stability condition. To optimize mode matching, LA is set to approach f so that the cavity mode has a diameter large enough at the position of the lens and a diameter 
Detailed parameters of the experimental setup.
As shown in Fig. 2a , an a-cut 0.5 at% Nd-doped YVO4 crystal with its dimensions of 3 mm × 3 mm × 8 mm serves as the gain medium. One of its ends, as the input coupler, is coated with the reflectivity >99.9% at 1064 nm and transmittance >97.7% at 808 nm; the other end has a high transmittance of >99.8% at 1064 nm. The crystal is mounted on a water-cooled copper holder maintained at the room temperature and is oriented to generate horizontally-polarized light. The output coupler is a plane mirror with a transmittance of 10% at 1064 nm. The lens with a focal length f is inserted into the cavity to keep the cavity satisfying the stability condition. The pump source is a fiber-coupled laser diode outputting a continuous-wave at 808 nm wavelength, which is coupled out by a telescope and forms a 200 μm-in-diameter focusing spot in the crystal. The FR, QWP and VWP are inserted into the laser cavity to achieve reversible mode conversion inside the cavity. The PBS next to the crystal eliminates unwanted vertically-polarized light and the pinhole with a diameter of 1 mm suppresses the higher-p-order modes. To generate LG 
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Lasing threshold and slope efficiency. mode generation with a slope efficiency of 5.11%, because the loss due to the undesired modes generated by the VWP increases with the l value. Under the present experimental setup, the output power is limited by the damage thresholds of the components in the cavity. The intensity profiles are preserved well under different pump powers (see Supplementary Fig. 1 ). For generating highpower and/or higher-order LG modes, it is crucial to further improve the performances of the intracavity components, especially the conversion efficiency of the VWP.
Mode purities.
Next, we present the transverse-mode-selection ability of the laser cavity by measuring the mode purities of the output LG (Fig. 4b) . The active cavity plays an important role in the transverse-mode selection, which increases the mode purities appreciably, as compared to the achieved mode purities through extracavity modulation using VWPs (typically ~80% for LG 
Laser output of cylindrical vector beams.
Laser beams with different axial symmetries in polarization, the so-called cylindrical vector beams, can also be generated by different combinations of VWPs and linearly-polarized directions of incident beams 38, 42 . As shown in Fig. 1(a) , a single VWP can achieve a reversible propagation cycle inside a laser cavity, which can be used to directly produce laser outputs of cylindrical vector beams.
The new setup satisfies the self-reproducing and stability conditions for a cavity (see Supplementary   Fig. 4 ). The light beam incident on the VWP is fixed into a horizontal polarization in our experiment, so the output polarization distribution can be directly controlled by rotating the VWP (See Supplementary Equation (3) 43 . Using the VWP of m = 2, we have generated a higher-order cylindrical vector beam with negligible radial modes (Fig.   6c ). The measured intensity distributions after the linear polarizer, as shown in Fig. 6f , reveal the cylindrical polarization distribution of Fig. 6c . The cylindrical vector beams with a well-define donut-intensity profile and controllable polarization distribution can be applied in optical communication, material processing, superfocusing, etc [43] [44] [45] [46] .
Conclusions
In summary, we have demonstrated a Nd: YVO4 laser generating high-purity LG laser beam practical and preferred choice for applications in optical tweezers, optical metrology, super-resolution imaging, material processing, and so on. By further simplifying the cavity, different high-quality cylindrical vector beams have also been produced, which can be used in superfocusing and particle trapping. Less complexity in cavity construction and adjustment will allow our scheme to be easily transplanted into other laser and nonlinear systems, such as Ti: Sapphire lasers, He-Ne lasers, CO2 lasers, and even optical parametric oscillators. Furthermore, due to the flexible controllability of the azimuthal index and the low lasing threshold, it is possible for using such setup to generate high-quality LG 
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Supplementary Note 1 | Working principle of the VWP.
The VWP can be seen as a spatially variant half-wave plate, whose fast axis rotates continuously over the area of the optic around a singularity point. Its transmission efficiency is up to 96%. The orientation of its fast axis can be expressed as:
where φ is the azimuthal angle, φ0 is the orientation of the fast axis at φ = 0 and m is a positive integer determined by the VWP. Its Jones Matrix can be written as 1 :
cos sin sin cos
If we apply it to a horizontally-polarized light beam, the output result can be expressed as:
Supplementary Equation (3) shows that each point on the transverse plane of the output beam is linearly-polarized, but the polarization direction depends on the azimuthal angle φ. Therefore, an input linearly-polarized Gaussian mode will generate a cylindrical vector beam 2 . If we apply it to a LCP or RCP OAM mode with TC of l0:
where L and R refer to the LCP and RCP states, both the SAM and OAM change during the process of the spin-orbital coupling. A LCP (or RCP) OAM mode with TC of l0 passing through the VWP will become a RCP (or LCP) OAM mode with TC of l0+m (or l0-m) 1 .When l0 equals to zero (e.g., the Gaussian mode), the TC will be controlled only by the m value of the VWP and the handedness of the incident circularly-polarized beam.
However, the VWP loads TC to a Gaussian mode by adding a spiral phase, which will generate a HyGG mode instead of a pure LG mode 3,4 :
  
where r is the radial coordinate and w0 is the waist radius of the incident Gaussian mode. Expanding the HyGG mode in the LG mode representation, we rewrite Supplementary Equation (5) 
Supplementary Equation (11) 
Supplementary Note 6 | Numerical simulations.
Based on the Fox-Li method, an optical cavity can be expanded into a transmission line by replacing cavity mirrors with equivalent lenses 8 . For simplifying the calculation process, we only calculate the scalar cavity mode in a passive optical cavity, in which the polarization transformation, gain and loss are ignored. A pinhole is needed to filter out undesired higher-order radial modes. We set it on the output coupler because the distance between them is very small in the experimental setup. The distance between the lens and the VWP is neglected as well. Besides, the simplified model of scalar field allows us to replace the VWP with two spiral phase plates (SPPs) of opposite TCs. Therefore, one round-trip path of our laser cavity is equivalent to a complete cycle shown in Supplementary   Fig. 5 . A scalar light field starting from the front mirror travels a distance of LA. It passes through the lens and the SPP with TC of l, and then reaches the pinhole after propagating a distance of LB.
A fraction of light is blocked by the pinhole while the majority propagates a distance of LB. After passing through the other SPP with a TC of -l and another lens, the spiral phase front is cancelled out. The light beam travels a distance LA to the front mirror and finishes one round trip. The light beam repeats the cycle until a stable cavity mode is formed. The iterative procedure described above is calculated step by step by Matlab programming. Supplementary Figure 6a shows the simulated intensity pattern of the output LG 0 1 beam propagating a distance of 30 cm, which is nearly the same as the experimental result shown in Supplementary Fig. 6b . Furthermore, the intensity profiles of 7 presents intensity profiles at the distances of 200 mm, 150 mm, 100 mm, 50 mm, and 0 mm away from the front mirror, respectively, which show that the mode in LA evolves from a donut-intensity pattern on the lens into a Gaussian pattern on the front mirror. 
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